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Dark matter effects may be attributed to interactions between the Machian strings connecting
every pair of elementary particles in the observable Universe. A simple model for the interaction
between Machian strings is proposed. In the early Universe, the Machian strings of a density
perturbation had a spherically symmetric distribution and the interaction with the Machian strings
of a test particle is found to give a multiple of the Newtonian gravitational acceleration. In a strong
gravitational field, the interaction between Machian strings tends to a constant limit in order to
ensure the absence of dark matter effects in the Solar System. Dark matter effects on a galactic scale
may be attributed to a change in the distribution of the Machian strings around a galaxy during
the process of galaxy formation. The interaction between the Machian strings of a test mass and
the Machian strings of a galaxy is considered in detail and the MOND phenomenology for galaxy
rotation curves is obtained.
PACS numbers:
I. INTRODUCTION
There are two main arguments for the existence of dark
matter. Firstly, dark matter is needed on cosmologi-
cal scales to ensure that the small fluctuations observed
in the cosmic microwave background grow sufficiently
rapidly to produce galaxies and galaxy clusters [1]. Sec-
ondly, dark matter is needed on galactic scales to account
for the dynamics of galaxy clusters [2] and the flat rota-
tion curves of spiral galaxies [3].
It is well known that an excellent fit to the rotation
curves of spiral galaxies may be obtained by modifying
Newton’s law of gravity [4] and many attempts to account
for dark matter effects have since been made by modify-
ing General Relativity, either by adding scalar and vector
fields [5, 6] or by introducing a more complicated depen-
dence on the metric [7, 8]. The purpose of the present
paper is to show that dark matter effects can also be
obtained in a completely different way by modifying the
model for an elementary particle.
The conventional model for an elementary particle,
such as a quark or an electron, is a dimensionless point.
In the Machian string model described in Section II, an
elementary particle consists of a pointlike centre con-
nected by Machian strings to the centres of all the other
elementary particles in the observable Universe. The en-
ergy in the Machian strings connecting two masses gives
the Newtonian gravitational acceleration and the interac-
tion between Machian strings gives the additional gravi-
tational acceleration usually attributed to dark matter.
It is shown in Section III that cosmological dark matter
is a natural consequence of the interaction between the
Machian strings of an overdense region and the Machian
strings of a test mass. The additional acceleration on the
test mass is a multiple of the Newtonian gravitational
acceleration and directed towards the centre of mass of
the Machian strings of the overdense region.
Galaxy formation is discussed in Section IV. Before
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separation from the Hubble flow, the strings of an over-
dense region had a spherically symmetric distribution.
As the region collapses and starts to rotate to form a
disc galaxy, the distribution of the strings becomes con-
centrated in the plane of the galaxy and aquires a cylin-
drical symmetry. If the strings are assumed to be concen-
trated in a cylindrical region with thickness proportional
to the radius of the galaxy then the form of the additional
acceleration changes from M/r2 to
√
M/r and the phe-
nomenology of modified Newtonian dynamics (MOND)
may be explained.
Galaxy clusters are discussed in Section V. Most of the
baryonic mass in a galaxy cluster is in the form of very
hot diffuse gas between the galaxies. During a collision
between two galaxy clusters, the galaxy and gas distribu-
tions become separated since the galaxies pass through
one another whereas the the two gas densities interact.
Gravitational lensing studies suggest that the gravita-
tional mass density is usually centred on the galaxies but
can also be centred on the gas, which is problematic for
both modified gravity and for the conventional dark mat-
ter model. There is no such difficulty in the string model
because the location the gravitational mass density is de-
termined by the centre of mass of the Machian strings
and the Machian strings may be centred either on the
galaxies or on the gas.
The magnitude of additional acceleration effects in the
Solar System is discussed in Section VI and the addi-
tional acceleration in the string model is found to be
consistent with the experimental limit. The conclusions
are presented in Section VII.
II. THE MACHIAN STRING MODEL
The basic postulate of the Machian string model is that
the total energy in all the Machian strings of a particle of
rest mass m is constant and equal to mc2. The entire rest
mass of a massive particle is distributed in the Machian
strings connecting it to other particles. The accompany-
ing paper on dark energy [9] shows that if the energy in a
Machian string of length r joining masses m and M has
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where H is the Hubble parameter, then the expansion
history of the Universe in the conventional ΛCDM model
is reproduced almost exactly. The string energy consists
of positive Newtonian potential energy GmM/r and an
additional energy proportional to H. The additional en-
ergy, which is responsible for the accelerating expansion
of the Universe, is independent of the length of the string.
The present paper is concerned with the force exerted
on the centre of a test mass by the Machian strings con-
nected to it. Since there is no force associated with a
constant energy, there is no contribution to the force on
the centre from the term in (1) proportional to H. For
the remainder of the paper, the energy in the strings con-
necting two masses m and M will therefore be taken to
be GmM/r.
A. Newtonian gravity
Since the total energy in all the strings of m is equal
to mc2, the energy in the strings of m other than those
conencted to M is mc2 −GmM/r. Similarly, the energy
in the strings of M other than those connected to m is
Mc2 −GmM/r. The total energy in all the strings con-
nected to the two masses is (mc2 − GmM/r) + (Mc2 −
GmM/r) + GmM/r = mc2 + Mc2 − GmM/r and the
interaction energy is therefore the same as in Newtonian
gravity. Although Machian strings have positive Newto-
nian potential energy, all the strings are in tension.
B. The interaction between Machian strings
If the Machian strings connecting the centre of a test
mass to the centres of all the other particles in the ob-
servable Universe have a spherically symmetric distribu-
tion, the tension forces exerted by the Machian strings
on the centre all cancel out. The only force acting on the
test mass is then the Newtonian gravitational force due
to nearby masses. If there is an interaction between the
strings of the test mass and the strings of a mass M , how-
ever, the strings around the test mass become distorted.
The tension forces acting on the centre no longer cancel
out and there is an additional force on the centre. The
additional force gives the additional gravitational accel-
eration usually attributed to dark matter.
The simplest assumption is that the interaction is
a function of the dimensionless ratio of the density of
Machian strings of M to the density of background
strings. The paths of the strings connected to a test mass
and the corresponding string tensions in the presence of
a mass M are calculated as described in Appendix A.
In contrast to the Newtonian gravitational acceleration,
which is directed towards the centre of M , the additional
gravitational acceleration due to the interaction between
Machian strings is directed towards the centre of mass of
the Machian strings of M .
The form of the additional acceleration depends on the
distribution of strings around M . Two different distribu-
tions will be considered, namely a spherically symmetric
distribution and a cylindrically symmetric distribution.
C. The density of strings around M
1. Spherical distribution
If the distribution of strings around M is spherically
symmetric then, as shown in Appendix B, the ratio of the
density of strings around M to the density of background
strings is given by
u =
M
r2
/MU
R2U
, (2)
where MU and RU are the mass and radius of the ob-
servable Universe, respectively. If ρ denotes the spherical
polar coordinate radial distance in units of RU
√
M/MU ,
so that r = ρRU
√
M/MU , then
u =
1
ρ2
. (3)
2. Cylindrical distribution
Consider a disc galaxy of mass M and radius Rg and
suppose the strings around the galaxy have a cylindrically
symmetric distribution with an axis of symmetry along
the axis of rotation of the galaxy. The precise form of the
string distribution depends on the details of the galaxy
formation process but it is reasonable to assume that the
string density is concentrated near to the plane of the
galaxy and decreases with a length scale proportional to
the radius of the galaxy, Rg. Suppose, therefore, that the
string density is proportional to (z2 + λ2R2g)
−1, where z
is the distance from the plane of the galaxy and λ is a
constant of order unity. Appendix B shows that the ratio
of the density of strings around the galaxy to the density
of background strings is then
u =
2MλRg
pir(z2 + λ2R2g)
/MU
R2U
, (4)
where r now denotes the radial distance in cylindrical
polar coordinates.
It turns out that the radius Rg of a galaxy of mass M
is roughly equal to RU
√
M/MU . Studies of galaxy rota-
tion curves have shown that there is a transition from the
Newtonian acceleration proportional to M/r2 to an ac-
celeration proportional to
√
M/r at an acceleration scale
a0 = 1.2×10−10m/s2 [10]. Moreover, the transition from
a Newtonian rotation curve to a flat rotation curve occurs
at approximately Rg, the radius of the visible galaxy [11].
It follows that Rg is given approximately by the equation
GM/R2g = a0, i.e.
Rg =
√
GM
a0
, (5)
3which may be written in the form
Rg = RU
√
M
MU
√(GMU
RUc2
)( c2
a0RU
)
. (6)
The accompanying paper on dark energy [9] gives
GMU
RUc2
= 0.30 (7)
and the acceleration scale associated with the expansion
of the Universe is
c2
RU
= 1.9× 10−10 m/s2 = 1.6 a0 . (8)
Substituting (7) and (8) into equation (6) then gives
Rg = 0.69RU
√
M
MU
. (9)
The density ratio (4) within a distance λRg from the
plane of the galaxy reduces to
u =
2λ˜
piρ(z2 + λ˜2)
, (10)
where λ˜ = 0.69λ, ρ is the cylindrical polar coordinate
radial distance in units of RU
√
M/MU and z is also in
units of RU
√
M/MU .
III. MACHIAN STRINGS AND THE GROWTH
OF STRUCTURE
A. String interactions in the early Universe
The density of strings associated with a density fluc-
tuation in the early Universe was very small compared
to the background string density. Before the perturba-
tions became large enough to collapse and form bound
structures, the strings associated with a given overdense
region had a spherically symmetric distribution and the
string density ratio u was therefore given by equation (3).
The density ratio increases with time as the perturba-
tions grow but was still less than about 10−3 at the time
of collapse, as shown in Appendix C.
The interaction between Machian strings is given by
the function f(u), defined in Appendix A as the fractional
increase in mass per unit length in the Machian strings
of a test mass due to the presence of a mass M . Since
u 1, any analytic function f(u) may be approximated
by a linear function so that
f(u) ≈ γu (11)
for some constant γ.
B. The effective dark matter density
The additional gravitational acceleration correspond-
ing to the density ratio (3) and the linear interaction
function (11) can be calculated analytically for ρ 1, as
shown in Appendix D, with the result
a =
3pi2γ
4ρ2
(GMU
RUc2
) c2
RU
. (12)
The acceleration (12) is centred on the centre of mass
of the strings of the overdensity and is a multiple of the
Newtonian gravitational acceleration. Indeed, the New-
tonian acceleration may be written in terms of ρ in the
form
aN =
GM
r2
=
1
ρ2
(GMU
RUc2
) c2
RU
(13)
so the additional acceleration (12) corresponds an effec-
tive dark matter density, ρDM, that is larger than the
baryon density, ρb, by a factor
ρDM
ρb
=
3pi2γ
4
. (14)
Analysis of the CMB and matter power spectra in
the conventional ΛCDM model show that the ratio of
dark matter to baryonic matter is the early Universe is
ρDM/ρb = Ωc/Ωb = 5.0 [12]. The corresponding value of
γ in the string model is
γ =
20
3pi2
= 0.68 . (15)
The time evolution of perturbations in the string model
is identical to the time evolution in ΛCDM cosmology
until either the values of u are such that the linear ap-
proximation (11) no longer applies or the distributions of
strings are no longer spherically symmetric. The spher-
ical symmetry of the strings is expected to break down
during the process of galaxy formation, as discussed in
Section IV.
IV. GALAXY FORMATION
A. Gravitational collapse
As in conventional cosmology, particles are gravitation-
ally attracted towards an overdense region and the mat-
ter density of the overdense region eventually becomes
much larger than the background matter density. The
region then stops expanding with the Hubble flow and
undergoes gravitational collapse to form stars and galax-
ies [13]. It is shown in Appendix C that an overdense re-
gion separating from the Hubble flow at z ∼ 3 decreases
in size by a factor ∼ 35 during the galaxy formation pro-
cess.
The large decrease in radius during the collapse phase
leads to a large increase in the rotational velocity of the
infalling matter due to the conservation of angular mo-
mentum [14]. In the string model, the rotation causes the
strings connected to the infalling matter to acquire the
same cylindrical symmetry as the resulting disc galaxy.
4B. Transition to the MOND regime
It is well known that an excellent fit to the observed
galaxy rotation curves is obtained if the Newton grav-
itational acceleration aN = GM/r
2 is replaced by the
MOND [4] acceleration aM defined by
aM =
{
aN if aN ≥ a0√
aNa0 if aN < a0 .
(16)
With the galaxy radius Rg defined by equation (5), the
transition from the Newtonian acceleration to the ac-
celeration
√
aNa0 occurs at exactly r = Rg. The ro-
tation curve v(r) =
√
ra(r) is proportional to 1/
√
r in
the Newtonian regime, r < Rg, and has a constant value
(GMa0)
1/4 =
√
a0Rg in the MOND regime r > Rg.
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FIG. 1: The acceleration on a test mass in the plane of
a disc galaxy of radius Rg when the strings of the galaxy
have the cylindrical distribution given by equation (10) with
λ = 0.5. The interaction between the Machian strings of the
test mass and the Machian strings of the galaxy is defined by
the function (A2) of Appendix A with α = 0.68 and β = 1 and
the additional acceleration (green) is calculated using equa-
tion (D6) of Appendix D. The additional acceleration is added
to the Newtonian acceleration (blue) given by (13) to calcu-
late the total acceleration (red). The MOND acceleration
given by (16) is also shown.
The additional acceleration in the string model was
calculated numerically1, as described in Appendix D, for
a cylindrical string distribution with the density of strings
around the galaxy given by equation (10). The total
gravitational acceleration was then calculated by adding
the additional acceleration to the Newtonian acceleration
and compared with the MOND acceleration (16).
A close fit to the MOND acceleration was found for
α = 0.68, β = 1 and λ = 0.5, as shown in Figure 1.
The corresponding rotation curves are shown in Figure 2.
The value of β has only a small effect on the rotation
curve and the effect of varying the parameters α and λ
is discussed in Appendix D.
1 The Mathematica [15] code is available upon request.
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FIG. 2: The rotation curves corresponding to the accelera-
tions in Figure 1. The rotation curve for the total acceleration
in the string model is very close to the MOND rotation curve.
V. GALAXY CLUSTERS
The gravitational mass distribution in an isolated
galaxy cluster is not consistent with simple modified
gravity theories such as MOND but can be accounted for
using the additional acceleration in the string model [16].
The case of colliding galaxy clusters, in which the galaxy
and gas distributions become separated, is even more
challenging for modified gravity theories. In a modified
gravity theory the gravitational mass density should be
centred on the most massive component, namely the gas,
since a modification of the law of gravity increases the
strength of the gravitational field but does not change
the centre of gravitational attraction. In the Bullet Clus-
ter [17], however, the gravitational mass density is cen-
tred on the galaxies. The result is consistent with the
conventional model of collisionless dark matter because
the dark matter and the galaxies in one cluster simply
pass through the dark matter and the galaxies in the
other cluster and therefore remain together. The result
is also consistent with the string model since the loca-
tion of the gravitational mass density is determined by
the centre of mass of the strings and the strings also pass
through each other since they are not charged. Almost
the entire length of the strings are unaffected by the colli-
sion, apart from small sections at the ends of the strings
connected to the gas particle centres, so the centre of
mass of the strings remains centred on the galaxies.
In some clusters, such as Abell 520 [18], there is evi-
dence that the gravitational mass is centred on the gas
rather than the galaxies, contrary to the prediction of the
conventional dark matter model. In the string model, the
strings of the gas particles are distorted during a collision
because the ends are connected to the gas particle cen-
tres. The strings will eventually straighten out, however,
since the strings are in tension. Moreover, the positions
of the gas particle centres are unaffected by the straight-
ening of the strings since the force exerted by the strings
on the centres are negligible compared to the electro-
magnetic forces. Indeed, the typical magnetic field in
a galaxy cluster is of order 10−10 T [19] and the mag-
5netic force on an electron moving at speed 7 × 107 m/s,
corresponding to a temperature of 108 K, gives an accel-
eration of order 109 m/s2 which is very much larger than
the maximum acceleration of order c2/RU exerted by the
strings. When the strings straighten out, the centre of
mass of the strings returns to the centre of mass of the
gas. It is therefore possible for the gravitational mass to
be centred on either the galaxies or the gas in the string
model.
VI. THE SOLAR SYSTEM
The absence of dark matter effects in the Solar Sys-
tem implies that any additional acceleration is less than
7.5× 10−5 a0 at the radius of Saturn [20]. Since the den-
sity of Machian strings of the Sun completely dominates
the density of Machian strings of the galaxy and the den-
sity of background Machian strings, the strings around
the Sun have a spherically symmetric distribution. Tak-
ing the radius of Saturn’s orbit to be 1.5 × 1012 m gives
M/r2 ≈ 8.9× 105 kg/m2 and the values MU = 9.3× 1022
Solar masses and RU = 4.6 × 1026 m from [9] give
MU/R
2
U = 0.88, so the density ratio (2) is u ≈ 1.0× 106.
The corresponding value of ρ at the radius of Saturn is
ρ ≈ 1.0× 10−3.
The additional acceleration for a spherically symmet-
ric string distribution was calculated numerically as de-
scribed in Appendix D. The result, for the same param-
eters as in Section IV, is shown in Figure 3. In the limit
analytic limits
additional
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FIG. 3: The additional acceleration for a spherically sym-
metric string distribution when α = 0.68 and β = 1. The
dashed lines show the analytic limits for ρ  1 and ρ  1
given by equations (12) and (17), respectively. Note that,
from equation (9), ρ = 0.69 r/Rg.
ρ → ∞, the numerical result agrees with the analytic
result for a spherical string distribution given previously
in equation (12). The additional acceleration in the limit
ρ→ 0 is given by
a ≈ 3ρ
4
β
(GMU
RUc2
) c2
RU
=
0.9ρ4
β
c2
RU
, (17)
as explained in Appendix D. For ρ ≈ 1.0 × 10−3, the
additional acceleration with β = 1 is about 1.4×10−12a0,
which is well below the experimental limit.
VII. CONCLUSION
The solution to the dark matter problem may require
the conventional model of an elementary particle as a di-
mensionless point to be revised. In the Machian string
model, the entire mass energy of an elementary particle is
in the Machian strings connecting the centre of the par-
ticle to the centres of all the other elementary particles
in the observable Universe. A cosmological dark mat-
ter density arises naturally from the interaction between
Machian strings and the MOND phenomenology required
to account for the observed galaxy rotation curves may
be attributed to a change in the distribution of Machian
strings during the process of galaxy formation.
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Appendix A: The Machian strings of a test mass
1. The interaction between Machian strings
Consider one of the Machian strings of a test mass
m connected to a distant mass m. In the absence of
any interactions between the Machian strings, the string
is straight and has total energy Gmm/R, where R is
the length of the string. The energy per unit length
is T (R) = Gmm/R2, assuming the energy to be dis-
tributed uniformly along the string. The interaction be-
tween Machian strings is specified by an interaction func-
tion f that gives the fractional increase in mass per unit
length in the Machian strings of a test mass due to the
presence of a mass M . The function f is assumed to be
a function of u, the ratio of the density of strings of M
to the background density of strings, so the energy per
unit length of the Machian strings of the test mass m at
the point x may be written in the form
E(R,x) = T (R)
{
1 + f [u(x)]
}
. (A1)
2. The interaction function
It follows from the definition (A1) that the interaction
function f(u) tends to zero as u tends to zero because the
interaction is due to the strings and the density of strings
tends to zero as u tends to zero. The requirement that
there is no detectable dark matter in the Solar System
can be satisfied if the function f(u) saturates sufficiently
rapidly at some constant value in the limit u → ∞. For
large values of u, the interaction function is then approx-
imately uniform and a uniform change in the energy of
6the strings of a test mass produces no additional acceler-
ation, by symmetry. The simplest such function has the
form
f(u) =
A(αu+ βu2)
1 + αu+ βu2
, (A2)
where A, α and β are free parameters. The function (A2)
vanishes at u = 0 and tends rapidly to the constant A as
u→∞.
In the limit u 1, f(u) ≈ γu where
γ = Aα . (A3)
The value of γ needed to give the required cosmological
dark matter density is given in equation (15). For a given
value of α, the corresponding value of A is
A =
0.68
α
. (A4)
3. String paths and string tension
a. Variation of total string energy
Let s be the path length along one of the Machian
strings of a test mass m connected to a distant mass m,
with s = si at m and s = sf at m. If x(s) denotes the
position of the point along the string at path length s
then x(si) = Xi and x(sf ) = Xf , where Xi and Xf
are the positions of the centres of the masses m and m,
respectively. The total energy in the string is
E =
∫ sf
si
E(R,x) ds , (A5)
where E(R,x) is the energy per unit length defined
in (A1) and R = sf −si is the length of the string. It fol-
lows from the basic postulate of the string model stated
in Section II that the total energy of all the strings con-
nected to the masses m and m is ES = mc
2 +mc2 −E.
To minimise the total energy of the system it is therefore
necessary to find a string path for which the energy (A5)
is a maximum. Since the energy (A5) tends to zero in
the limit that the string becomes infinitely long, string
paths that maximise (A5) do exist.
Consider a variation δx of the string path with the
string held fixed at the distant mass m, so that δx = δXi,
say, at s = si and δx = 0 at s = sf . Since the total
length of the string changes it is convenient to introduce
the parameter σ along the string path so that σ is fixed
at m and m, with σ = 0 at m and σ = 1 at m. The
energy E is then given by
E =
∫ 1
0
E(R,x) |x′| dσ , (A6)
where the prime denotes differentiation with respect to
σ, and the string length R is given by
R =
∫ 1
0
|x′| dσ . (A7)
The variation of (A6) is
δE =
∫ 1
0
{( ∂E
∂R
δR+∇E .δx
)
|x′|+ E x
′.δx′
|x′|
}
dσ , (A8)
where δR =
∫ 1
0
x′.δx′
|x′| dσ . (A9)
Integrating (A9) by parts gives
δR =
(x′.δx
|x′|
)1
0
−
∫ 1
0
{ x′′
|x′| −
x′(x′.x′′)
|x′|3
}
.δx dσ. (A10)
After changing back to the path length parameterisation,
for which |x′| = 1 and x′.x′′ = 0, (A10) becomes
δR = −x′(si).δXi −
∫ sf
si
x′′.δx ds . (A11)
Similarly, (A8) becomes
δE = −E(R,Xi)x′(si).δXi
+
∫ sf
si
{ ∂E
∂R
δR+
[
∇E − x′(x′.∇E)− Ex′′
]
.δx
}
ds.
(A12)
The variation δR is independent of s and may be taken
outside the integral. Substituting for δR from (A11) then
gives
δE = −
[
E(R,Xi) + I(R)
]
x′(si).δXi
+
∫ sf
si
{
∇E − x′(x′.∇E)− [E + I(R)]x′′
}
.δx ds, (A13)
where I(R) =
∫ sf
si
∂E
∂R
ds . (A14)
b. The path equation
The requirement that E is stationary for all variations
of the string path for which the string is fixed at both
ends, i.e. for which δXi = 0, gives the path equation
∇E − x′(x′.∇E)− [E + I(R)]x′′ = 0 . (A15)
The component of equation (A15) along the direction of
the string, parallel to x′, is identically zero and the com-
ponent along a direction m perpendicular to the string
is
m.x′′ =
m.∇E
E(R,x) + I(R) . (A16)
Equation (A16) may be integrated numerically to calcu-
late the string paths as described in Appendix D.
c. The tension in the strings
For paths satisfying the path equation (A15), it follows
from (A13) that the change in the total energy of the
string when mass m is displaced by δXi is
δE = −
[
E(R,Xi) + I(R)
]
x′(si).δXi . (A17)
7The total energy of the system is ES = mc
2 +mc2 −E,
so
δES =
[
E(R,Xi) + I(R)
]
x′(si).δXi . (A18)
If F denotes the force exerted by the string on the mass
m then the work done by the system is F.δXi, so δES =
−F.δXi. The force exerted on the mass m is therefore
F = −
[
E(R,Xi) + I(R)
]
x′(si) , (A19)
where x′ is the unit vector from m to m. The string
tension at a general point x along the string is given by
T (R,x) = −[E(R,x) + I(R)] . (A20)
Note that, in the absence of any interactions between the
strings, E = T (R) = Gmm/R2 and (A19) reduces to the
Newtonian gravitational force
F =
Gmm
R2
x′ . (A21)
Consider the energy per unit length E(R,x) defined
by equation (A1). After substituting (A1) into (A14),
noting that T (R) is proportional to 1/R2, the string ten-
sion (A20) becomes
T (R,x) = T (R)F (R,x) , (A22)
say, where
F (R,x) = 1− f [u(x)] + 2
R
∫ sf
si
f [u(x(s))] ds. (A23)
To ensure that the curvature (A16) remains finite, the
string tension must be positive everywhere along the
string so the function F (R, [x]) must be positive. For
a string of length RU , the change of variables s =
σRU
√
M/MU gives
F (R,x) = 1− f [u(x)] + 2
√
M
MU
∫ √MU
M
0
f(u) dσ ,
≈ 1− f [u(x)] , (A24)
where u = (ρ2 + σ2 − 2ρσ cos θ)−1, ρ is defined by
r = ρRU
√
M/MU and θ is the angle between x and xM .
It follows that F (R,x) < 1, so the interaction with M
reduces the tension in the Machian strings ofm. The con-
dition needed to ensure that the string tension remains
positive is
f(u) < 1 . (A25)
After substituting (A24) into (A22), the tension in the
strings of m takes the form
T (R,x) = T (R){1− f [u(x)]} (A26)
and the tension in the strings at the centre of m is there-
fore
T (R)[1− f(u0)] , (A27)
where u0 is the value of u at the centre of m.
Appendix B: The density of strings around the mass
M
1. Spherically symmetric distribution
Consider first the simple case where all the Machian
strings have length RU and let µ denote the mass per unit
length in the Machian strings of length RU joining two
particles of unit mass. The Machian strings connected to
a mass M then contain a mass µrMMU within a distance
r of M , where MU is the mass of the observable Universe.
If the strings of M have a spherically symmetric distri-
bution, the corresponding string density ρs is given by
4piρsr
2dr = µdrMMU from which it follows that
ρs =
µMMU
4pir2
. (B1)
The mass density in the background Machian strings,
ρ0, is given by ρ0 = (µM
2
URU/2)/(4piR
3
U/3), so ρs/ρ0 ∼
(M/MU )(R
2
U/r
2). When the different lengths of Machian
strings are taken into account, the densities ρs and ρ0
change by constant factors of order unity. The density
ratio u, namely the ratio of the density of strings around
M to the density of background strings, is therefore equal
to ρs/ρ0 times a factor of order unity. The constant factor
may be absorbed into a redefinition of the parameters α
and β in the interaction function (A2) and the density
of strings for a spherically symmetric distribution may
therefore be defined as
u =
M
r2
/MU
R2U
, (B2)
where r is the distance from the centre of the mass M .
2. Cylindrically symmetric distribution
Suppose the mass µdrMMU enclosed in a spherical
region of thickness dr becomes redistributed during the
process of galaxy formation within a cylindrical region of
thickness dr and circumference 2pir, where r now denotes
the radial distance in cylindrical polar coordinates. If the
new density of strings in the cylindrical distribution is ρc
and the mass within the strings is conserved then
2pirdr
∫ ∞
−∞
ρc dz = µdrMMU , (B3)
where the z axis is normal to the plane of the galaxy.
Suppose, for definiteness, that the density of strings has
a z-dependence of the form (z2 + λ2R2g)
−1, so that the
density is concentrated within a distance of order λRg
from the plane of the galaxy. Equation (B3) then gives
ρc =
µMMUλRg
2pi2r(z2 + λ2R2g)
, (B4)
which is larger than the string density (B1) by a factor
ρc
ρs
=
2rλRg
pi(z2 + λ2R2g)
. (B5)
8The corresponding density ratio u is larger than the den-
sity ratio (B2) by the same factor, giving
u =
2MλRg
pir(z2 + λ2R2g)
/MU
R2U
. (B6)
Appendix C: The density of strings in the early
universe
Consider an overdense region in the early universe of
radius r(t) containing an excess mass M(t). The den-
sity of strings of the mass M(t) compared to the back-
ground density of strings is given by the ratio u(t) =
(M(t)/r(t)2)/(MU (t)/R
2
U (t)), where MU (t) and RU (t)
are the mass and radius of the observable universe at
time t. In terms of the matter overdensity δ(t) ∼
(M(t)/r(t)3)/(MU (t)/R
3
U (t)) the density of strings is
given by u(t) ∼ δ(t)r(t)/RU (t). The radius RU (t) is
proportional to t and r(t) = Ra(t), where R is the co-
moving radius of the overdensity and a(t) is the scale
factor. In the linear regime where δ  1, R is constant
since the overdense region expands with the Hubble flow.
In the matter era, δ(t) is proportional to the scale factor
a(t) and a(t) ∝ t2/3. Thus, up to the time at which the
perturbations become nonlinear, u(t) increases with time
proportional to a(t)2/t ∝ t1/3. At the time of nonlinear-
ity, when δ ∼ 1, u(t) ∼ r(t)/RU (t). Since r(t)  RU (t)
for galaxies and galaxy clusters it is clear that u 1 for
all physically relevant scales in the linear regime.
To calculate values of u explicitly it is necessary to
find the time at which perturbations on a given comoving
scale became nonlinear. If R(z) is the comoving size of
an overdense region that becomes nonlinear at redshift
z then, at the time of nonlinearity, r(t) = R(z)/(1 + z).
Since RU (t) ∝ a(t)3/2 in the matter era it follows that
RU (t) = RU/(1+z)
3/2 so the value of u for an overdense
region becoming nonlinear at redshift z was
u(z) ∼
√
1 + z R(z)
RU
. (C1)
The condition for an overdense region of comoving size
R to become nonlinear at redshift z is σ(R, z) ∼ 1,
where σ(R, z) is the root mean square density fluctua-
tion on a comoving scale R at redshift z. Since pertur-
bations grow as a(t) and a(t) = 1/(1 + z) it follows that
σ(R, z) = σ(R)/(1 + z), where σ(R) is the root mean
square density fluctuation on a comoving scale R at the
present time. The function σ(R) may be calculated from
the observed matter power spectrum [21] and is given ap-
proximately by the curve σ(R) = log 1.710 (80h
−1Mpc/R)
shown in Figure 4. From the condition σ(R) ∼ 1 + z it
follows that R(z) ∼ 80h−1× 10−(1+z)0.6 Mpc and substi-
tution into (C1) gives
u(z) ∼ 0.01√1 + z 10−(1+z)0.6 . (C2)
The function (C2) is plotted in Figure 5. It may be seen
that u(z) has a maximum of ∼ 10−3 at z = 0 and de-
creases as z increases. The ratio of the string density to
the background string density was u ∼ 10−4 for galaxy-
scale fluctuations becoming nonlinear at z ∼ 3 and the
0.01 0.1 1 10
1
2
5
10
R (h-1Mpc)
σ(R)
FIG. 4: The mass fluctuation in a region of size R at the
present time. Regions of size less than 8h−1 Mpc have σ > 1
and have already collapsed to form bound structures.
density ratio for the first stars forming at z ∼ 10 was
u ∼ 2× 10−6.
0.1 0.5 1 5 10
10-5
10-4
10-3
z
u(z)
FIG. 5: The ratio u(z) of the density of strings to the back-
ground density of strings for mass fluctuations becoming non-
linear at redshift z.
Consider the formation of a galaxy from an over-
dense region that separated from the Hubble flow at
z ∼ 3 with u ∼ 10−4. At the edge of a galaxy of
mass M and radius Rg, equations (2) and (4) both give
u ∼ (M/R2g)(MU/R2U )−1. It follows from equation (9)
that u ∼ 1 for a galaxy at the present time. At redshift
z, MU ∝ ρ(z)R3U , where ρ(z) ∝ (1 + z)3 is the average
matter density at redshift z, and RU ∝ (1 + z)−3/2 since
RU ∝ t and a(t) = 1/(1 + z) ∝ t2/3 in the matter era.
Thus MU/R
2
U ∝ (1 + z)3RU ∝ (1 + z)3/2 and it follows
that MU/R
2
U decreases by a factor of order 8 from z ∼ 3
to the present time. The increase in u from u ∼ 10−4
at the time of separation from the Hubble flow to u ∼ 1
at the present time therefore implies that the radius Rg
decreases by a factor of order (8×10−4)−1/2 ∼ 35 during
the process of galaxy formation.
9Appendix D: Calculation of the additional
acceleration
1. Direct calculation of the force on the centre
a. The force on a test mass due to its Machian strings
Consider the Machian strings around a test mass m
in the presence of a mass M and let the direction of
a Machian string be specified by spherical polar coordi-
nates θ and φ, where the z axis is along the line of centres
joining the two masses. Since the distribution of Machian
strings connected to m is uniform at large distances, the
total force acting on the centre of m is given by
F =
1
4pi
∫
T(θf , φf ) sin θf dθfdφf , (D1)
where T(θf , φf ) is the tension at the centre of m in a
string whose direction at large distances has polar coor-
dinates θf and φf . The magnitude of the string tension
at m is T (R)[1−f(u0)] for all strings, from (A27), where
u0 is the value of u at m. The component of the total
force along the line of centres, from M to m, is
F = −T (R)
4pi
[1− f(u0)]
∫∫
cos θi(θf , φf ) sin θfdθfdφf ,
(D2)
where θi is the angle between the string direction at the
centre of m and the line of centres.
The maximum additional acceleration occurs in the
limit that all the strings connected to the test mass
have the maximum tension T (R) and are all aligned
along the same direction at the centre of m. Since
T (Ri) = Gmmi/R
2
i for a string of length Ri connected to
a distant mass mi, the maximum additional acceleration
on a test mass is
amax =
∑
i
Gmi
R2i
∼
∫
GρdV
r2
= 4piGρRU , (D3)
where ρ is the average matter density at the present time.
The mass of the observable Universe, MU , is given by
MU =
4pi
3
ρR3U , (D4)
so the maximum acceleration may be written in the form
amax = 3
(GMU
RUc2
) c2
RU
. (D5)
The acceleration due to the Machian strings correspond-
ing to the force (D2) is therefore
a = −3
(GMU
RUc2
) c2
RU
[1− f(u0)] η , (D6)
where η is the asymmetry in the strings defined by
η =
1
4pi
∫∫
cos θi(θf , φf ) sin θfdθfdφf . (D7)
b. Calculation of the asymmetry
To calculate the asymmetry (D7) it is first necessary to
calculate the paths of Machian strings connected to the
test mass. The string paths may be calculated by numer-
ical integration of equation (A16). Recalling that E =
T (R)[1 + f(u)] and E + I ≈ T (R)[−1 + f(u)], from equa-
tion (A1) and equations (A20) and (A26), it follows that
∇E/(E + I) = f ′(u)∇u/(−1 + f). The tangent vector to
the string path is x′ = er = (sin θ cosφ, sin θ sinφ, cos θ)
so x′′ = θ′ eθ + sin θ φ′ eφ. Taking m = eθ and m = eφ
in (A16) then gives the string path equations
θ′ = (cos θ cosφ, cos θ sinφ,− sin θ). f
′(u)∇u
−1 + f (D8)
and sin θ φ′ = (− sinφ, cosφ, 0). f
′(u)∇u
−1 + f . (D9)
Equations (D8) and (D9) may be integrated outwards
from the centre of the test mass m to find the polar co-
ordinates θf and φf for the final string direction as a
function of the initial polar coordinates θi and φi. The
values of cos θi for given values of θf and φf may be found
by interpolation and the asymmetry (D7) may then be
evaluated numerically.
c. String path equations for spherical and cylindrical string
densities around M
When the strings of the mass M have a spherical dis-
tribution, the density ratio u at the centre of m is given
by equation (3), where ρ is the distance between the
two masses in units of RU
√
M/MU . Equations (D8)
and (D9) require the density ratio at a general point along
one of the strings of m. If x = (x, y, z) is the position
relative to the centre of m, in units of RU
√
M/MU , the
density ratio at x is given by u(x) = [x2+y2+(ρ−z)2]−1.
Equations (D8) and (D9) then become
θ′ =
2uf ′(u)
1− f
(x cos θ cosφ+ y cos θ sinφ+ (ρ− z) sin θ
x2 + y2 + (ρ− z)2
)
(D10)
and sin θ φ′ =
2uf ′(u)
1− f
( −x sinφ+ y cosφ
x2 + y2 + (ρ− z)2
)
.
(D11)
Now consider a galaxy of mass M with strings in a
cylindrical distribution and consider a test mass m in
the plane of a galaxy. The z axis is along the line
of centres joining the two masses so let the normal to
the plane of the galaxy be along the y axis. A point
with position vector x relative to the centre of m is
at a distance
√
x2 + (ρ− z)2 from the centre of M in
the plane of the galaxy and at a distance y in the di-
rection normal to the plane of the galaxy so, accord-
ing to equation (10), the string density ratio at x is
u(x) = 2λ˜[pi
√
x2 + (ρ− z)2(y2 + λ˜2)]−1. Equations (D8)
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and (D9) then give
θ′ =
uf ′(u)
1− f
(x cos θ cosφ− (z − ρ) sin θ
x2 + (ρ− z)2
+
2y cos θ sinφ
y2 + λ˜2
)
(D12)
and sin θ φ′ =
uf ′(u)
1− f
( −x sinφ
x2 + (ρ− z)2 +
2y cosφ
y2 + λ˜2
)
.
(D13)
2. Calculation using interaction energy for ρ 1
The change in the total energy of the Machian strings
of m corresponding to the interaction with the Machian
strings of M defined by equation (A1) is
∆E =
∑
i
Gmmi
R2i
∫ Ri
0
f [u(x− xM )] ds , (D14)
where s denotes the path length along the ith string, x
is the position vector of a point on one of the strings of
m relative to the centre of m, xM is the position vec-
tor of the centre of M relative to the centre of m and
s = |x|. When the basic postulate of the string model
stated in Section II is taken into account, the correspond-
ing change in energy of the whole system, including all
the other masses other than m and M , is equal to −∆E.
The additional acceleration of the mass m due to the in-
teraction between the Machian strings is therefore given
by
a =
1
m
d∆E
dr
. (D15)
When ρ  1, where ρ is the distance between the
centres of the two masses in units of RU
√
M/MU , the
asymmetry in the Machian strings of the mass m may be
neglected and the length Ri of the string connecting the
mass m to the mass m is simply the distance between the
centres. The total mass m in an elemental solid angle dΩ
and thickness dR at radius R is ρR2dRdΩ, where ρ is the
average matter density and spherical polar coordinates
are defined relative to the centre of m. After integrating
over the azimuthal angle, equation (D14) becomes
∆E ≈ 2piGmρ
∫ RU
0
dR
∫ pi
0
sin θ dθ
∫ R
0
f [u(x− xM )] ds .
(D16)
Since f → 0 as s→∞, the integral over s in (D16) is
insensitive to the value of R, so R can be replaced by RU
in the upper limit of the integral over s and the integral
over R then simply gives a factor of RU . Substituting for
ρ using (D4) then gives
∆E ≈ 3mc
2
2RU
(GMU
RUc2
)∫ RU
0
ds
∫ pi
0
dθ sin θ f [u(x− xM )] .
(D17)
The volume element is d3x = s2 sin θ dsdθdφ so (D17)
can be written as
∆E ≈ 3mc
2
4piRU
(GMU
RUc2
)∫ d3x
|x|2 f [u(x− xM )] . (D18)
To evaluate ∆E it is convenient to change the origin so
that x is now the position vector relative to the centre of
M and equation (D18) then becomes
∆E ≈ 3mc
2
4piRU
(GMU
RUc2
)∫ d3x
|x+ xM |2 f [u(x)] . (D19)
a. Spherical distribution of strings around M , ρ 1
If x denotes the distance |x| in units of RU
√
M/MU
then, since |xM | = ρRU
√
M/MU , equation (D19) be-
comes
∆E ≈ 3mc
2
2
√
M
MU
(GMU
RUc2
)∫ √MUM
0∫ pi
0
x2dx sin θdθ
x2 + 2ρx cos θ + ρ2
f [u(x)] ,
(D20)
using spherical polar coordinates centred on M . For
a spherical string distribution, u = 1/x2 and f(u) ≈
γ/x2 when x  1. Equation (D20) may then be inte-
grated with respect to x, using
∫
dx/[(x + a)2 + b2] =
b−1 tan−1[(x+ a)/b], to give
∆E ≈ 3γmc
2
2ρ
√
M
MU
(GMU
RUc2
)∫ pi
0
dθ
[
θ −
cot−1
(√MU/M + ρ cos θ
ρ sin θ
)]
. (D21)
Using the expansion cot−1 z = 1/z − 1/3z3 + . . . we find
∆E ≈ 3γmc
2
2ρ
√
M
MU
(GMU
RUc2
)[pi2
2
− 2ρ
√
M
MU
+ . . .
]
,
(D22)
for ρ  √MU/M , and the corresponding accelera-
tion (D15) is
a ≈ 3pi
2γ
4ρ2
(GMU
RUc2
) c2
RU
. (D23)
b. Cylindrical distribution of strings around M , ρ 1
For a cylindrically symmetric distribution of strings
around a galaxy, the interaction energy (D19) for a test
particle in the plane of the galaxy may be evaluated using
cylindrical polar coordinates centred on M to give
∆E ≈ 3mc
2
4piRU
(GMU
RUc2
)√ M
MU
∫ 2pi
0
dθ∫ √MU/M
0
dx
∫ ∞
−∞
x f [u(x)] dz
x2 − 2ρx cos θ + ρ2 + z2 , (D24)
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where the normal to the plane of the galaxy is now
along the z axis and distances are again in units of
RU
√
M/MU . The required generalisation of equa-
tion (10) at a point in the plane of the galaxy is u(x) =
2λ˜[pix(λ˜2 + z2)]−1 and f(u) ≈ γu for x  1. The
corresponding additional acceleration (D15), in units of
c2/RU , is
d
dρ
{
3GMU
4piRUc2
∫ 2pi
0
dθ
∫ √MU/M
0
dx
∫
2γλ˜ dz
pi(λ˜2 + z2)(x2 − 2ρx cos θ + ρ2 + z2)
}
=
d
dρ
{
3GMU
4piRUc2
∫ 2pi
0
dθ
∫ √MU/M
0
2γ dx
d(λ˜+ d)
}
, (D25)
where d =
√
x2 − 2ρx cos θ + ρ2 and use has been made
of the integral
∫∞
−∞ dz/[(a
2+z2)(b2+z2)] = pi[ab(a+b)]−1.
3. Numerical results
a. Spherically symmetric distribution of strings around M
The additional acceleration for a spherically symmet-
ric string distribution and an interaction function with
α = 0.68 and β = 1 was calculated using the method
described in Section D 1 and the result is shown in Fig-
ure 3. The result for ρ  1 is in good agreement with
the formula (D23) derived using the interaction energy
method described in Section D 2.
The additional acceleration in the limit ρ  1 can be
understood by considering the formula (D6). The value
α = 0.68 corresponds to A = 1, by equation (A4). Nu-
merical calculations show that, when A = 1, the asym-
metry in the strings tends to 1 as ρ → 0. Substituting
1 − f(u) ≈ 1/bu2 = ρ4/b for ρ  1 into (D6) then gives
equation (17).
The suppression of dark matter effects as ρ → 0 is
due to the fact that the interaction function f(u) in (A2)
tends a constant when the Newtonian gravitational ac-
celeration is much larger than a0 and occurs when A < 1
as well as when A = 1. When A < 1, the string tension
tends to a constant proportional to 1 − A and numeri-
cal calculations show that the asymmetry tends to zero
as ρ → 0 in such a way that the product of the string
tension and the asymmetry is still proportional to ρ4.
b. Cylindrically symmetric distribution of strings around M
The additional acceleration acting on a test particle for
a galaxy whose strings have a cylindrical density distribu-
tion, with density given by equation (10), was calculated
using the method described in Section D 1. The addi-
tional acceleration and the corresponding velocity rota-
tion curve were calculated for various values of the pa-
rameters α and λ with β = 1. The values α = 0.68 and
λ = 0.5 were found to give a very close fit to the MOND
velocity rotation curve, as discussed in Section IV.
The additional acceleration shown in Figure 1 can be
checked for ρ  1 using the interaction energy method
described in Section D 2. Numerical evaluation of equa-
tion (D25) gives the dashed curve shown in Figure 6. The
agreement between the two methods for ρ  1 confirms
the fit to the MOND rotation curve shown in Figure 2.
limit ρ >> 1additionalacceleration
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0.0
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a/a0
FIG. 6: The additional acceleration shown in Figure 1 for
a cylindrically symmetric string distribution around a mass
M with λ = 0.5, α = 0.68 and β = 1, calculated using the
method described in Section D 1. The dashed line shows the
limit for ρ 1 calculated using the interaction energy method
described in Section D 2.
It is of interest to investigate the sensitivity of the ve-
locity rotation curve to changes in the values of α and
λ. The rotation curves for different values of α, with
λ = 0.5, are shown in Figure 7. In the limit α→∞, the
interaction function f(u) tends to a constant and the ad-
ditional acceleration tends to zero with the result that the
total acceleration is equal to the Newtonian acceleration.
Figure 8 shows the rotation curves for different values of
λ with α = 0.68. The value α = 0.68 corresponds to
A = 1, by equation (A4), which is the largest value of A
consistent with the stability condition f(u) < 1 derived
in Appendix A.
Newtonian
MOND
α = 0.68α = 1α = 2α = 5α = 15α = 20
0 2 4 6 8 10
0.0
0.5
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r/Rg
v(r)
a0 Rg
FIG. 7: The effect on the rotation curve of varying the
parameter α, with λ = 0.5. The curve with α = 0.68 is shown
in Figure 2.
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FIG. 8: The effect on the rotation curve of varying the
parameter λ, with α = 0.68. The curve with λ = 0.5 is shown
in Figure 2.
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